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Abstract

The propagation of a first-order electromagnetic disconti

nuity is discussed. Expressions are obtained for the possible

velocities of propagation as functions of the field strengths

ahead of the surface of discontinuity. Expressions are also

obtained for the growth in the magnitude of the discontinuity

as the wave progresses.
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1. Introduction.

In this paper we shall discuss the propagation of electro-

magnetic waves in which the fields are contin~Ous with respect ~

to space and time, but where spatial and time deriatives may be

discontinuous on some surface. Such discontinuities are called

first-order discontinuities. Until recently studies of the

propagation of discontinui ties of this type have been confined

to fluid dynamics (see, for example, Courant and Friedrichs 1).

More recently, using a technique based on thecompatibili ty

conditions at a moving surface of discontinuit~, Thomas 2 has
studied the growth of elastic waves of this type in l~near ma-

terials. Varley and Cumberbatch 3 have considei"ed the more
general problem of a quasilinear, first order" system of hyper-

. bolic equations using a variant of the method for a linear

system described in Courant and Hilbert4 . In this paper we

apply the procedure of Varley and Cumberbatch to the study of

the propagation of first-order electromagnetic discontinuities

in a non-linear centrosymmetric isotropic material, for which

the electric displacement field depends only on the electric

field and the magnetic induction field depends only on the mag

netic intensity field.

We obtain first the secular equation for the propagation

of a first-order electromagnetic discontinuity surface. We

find that there are, in general, two possible propagation

velocities in a specified forward direction and correspondingly

two possible polarization directions. Both the velocities and
directions of polarization depend on the magnetic induction field and

".-J' , " • •

. electric displacement field immediately ahead of the disconti-
nuity.

In §4, we obtain an expression for the 'growth of the

magnitude of the discontinuity as a surface of,discontinuity
propagates. In §§S and 6 this result is specia.lized to two
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cases in which the fields ahead of the surface of discontinuity

are uniform and constant. In one of these the magnetic induction

field is taken normal to the surface of discontinuity and in the
othe'r, the electric displacement field is taken to be normal to

this 5 urface .
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2. Propagating Surfaces.

In this section', we consider the propagation of an electro

magnetic wave for which the magnetic induction ,fie1d~ and ,

elastic displacement field p are continuous, while their first

derivatives, both wi th respe.ct to space and tim.e, may be dis

continuous across some surface. This singu1ar i surface is called

a first-order singular surface.

Let ~ be the vector position of a generic poin~ on this

singular surface with respect to a fixed origin. Let

</>(~,t) = 0 , (2.1)

for fixed t, be the equation of the singular surface at time

t. We define ~ by

~ = </> (~, t) , (2.2)

and assume that </> is a continuous function of x and of t,

which has continuous firs t derivatives with respect to space

and ~ime. We also assume that a</>/at ~ 0 in some neighborhood

~f the propagating singular surface, i.e. ~ = O.

In view of the definition (2.2) of a, we see that
"

~ = constant describes a prop~gating surface, Which is the

singular surface if the constant is zero. Also, the variables

x,~ define a point on such a surface. Let ~(~!~) denote the

uni t normal at the point ~ to the surface a. = constant, drawn
in the direction of propagation. Let V(>O) denote the speed

of prop'agation of the surface. From the defini tion of the
speed V of a moving surface at a point as the speed wi th which

th'e surface moves normal to itself at that point, we have
I

v = n . ,

i
, i

(i.3)
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n = V~/(V~·V~)1/2- - - - (2.4)

" Now, from (2.2); we have for the moving surface a = constant,

dx
n~ - + a~ -_ 0
:: 'l' • at 'IT

MUltiplying (2.5) throughout by n and using (2.3) and (2.4),
we obtain

(2.5)

n V~

V = - a~7at
(2.6)

Now, any function f, say, of x and t may also be regarded
as a function f, say, of ~ and a, where a is defined by (2.2).
We then have

f(~,t) = f(x,a)

Whence

We define the operator ~ as the spatial gradient, hold
ing a constant. It follows, from (2.7), that

Vf = Vx = vI + a~ V~aa -

(2. 7)

(2.8)

(2.9)



-6 - -

With (2.6) and (2.8), this yields

Vf n af
vat (?lO)

c_

Thus, we may take theuperator V as

V = V +!l .Lv at (2.11)

Here we may point out that the operator V is a surface

operator on the surface ep = 0 since by the chorce of the new

set of coordinates, the variables involved in the differenti- .

ation correspond to a displaceme-nt on the surfa'ce 4 .-

._ r·



- 7-

3. The Secular Equation.

In the absence of free charges, Maxwell's equations may
be written as

VxE + aB/at = 0
(3. 1)

VxH - aD/at = 0

where ~ and H are the electric and magnetic intensity fields

respectively.
We shall consider that the medium in which the wave is

propagating is isotropic, centrosymmetric and non-dissipative

and that ~ is determined only by p and ~ is determined only
by~. It follows that the constitutive equations take the

forms

and (3.2)

where E and II are scalar functions of the indicated arguments.

Introducing (3.2) into (3.1), we obtain

and

a~Ve:x D + EVX D + at = E'V(D.D)xD + EVxD + aI} - 0--- - rr-
(3.3)

where E' = aE/a(D.D) and ll' = all/a(B·B)- -
We bear in mind the known. vector identity

(3.4)
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Substituting from (3.4) and (2.11) in (3.3)1' we obtain

= 2e:'V[(D'V)DxD + {Dx(VxD)}xD] + e:VVxD'.
~ - - - . - -

Similarly, from (3.3)2 we obtain

(3.5)

(3.6)

We now introduce the assumption, that Band Dare con-- ' -
tinuous at the moving surface ~ = O. It follows that their

tangential derivatives ~~,~~, ~x~ and vxD are also con

tinuous across the surface.

We denote by b and ~ the jumps in a~/at and a~/at as we

,cross the surface ~ :: 0 in the direction of n;: thus

b = [a~/at] ~::i [a~/at] (3. 7)

With (3.7) we obtain, from (3.5) and (3.6), on; ~ = 0

e:nx d + 2e:' (p' ~) (~xP) -Vb = 0

and (3.8)

" '

I

-- ------'----- ---- --
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From (3.8), we obtain

n·b = 0 and n·d= 0 (3.9)

Thus, the jumps ~ and ~ are tangential to the surface ~ = O.
Now, eliminating ~ from (3.8), we obtain on ~ = 0

We introduce the notation

B =B + B
- t -n

, D = D + D
- - t -n

(3.11)

where ~t and Pt are tangential to the surface ¢

and D are normal to it. We also write
-n

= 0 and B
-n

(3.12)

Using (3.11), (3.12) and (3.9)1 in (3.10), we obtain

-2e:'J[1l(b·J) + 211'(B 'b)(B .J)] = 0
- - - -t - -t-

Forming the dot product of (3.13) with ~t' we obtain

(3.13)

(3.14)
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Forming the dot product of (3.13) with ~, webbtain

= [(pe:-V2 ) + 2pe:'(J·J)](b·J)
. - - ..... ....,

Eliminating b from (3.14) and (3.15) . and using the notation

x = V2
- pe:

we obtain

x [2p'{e:(B ·B ) + 2e:'(B .J)2}+ 2pe:'(J·J)]. -t _t _t ......

From (3.16) and (3.17), we obtain the two solutions for V2 :

V2 = pe: + p'[e:(B .B) + 2e:'(J'B )2] + pe:'(J.J)-t -t __ t .' . - -

±{[p'{e:(B 'B) + 2e:'(J'B }2} + pe:'(J'J)]2
. .....t -t - _t - - .

V2 is real and positive if and only if

(3.15) .

(3.16)

(3.17) .

(3.18)

(3.19)

and pe: > O. In this case w~ see that for given ~, ~t and
~t,there are two possible real speeds of propagation in the
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forward direction. Propagation in the opposite direction with

equal speeds is also possible.

Provided that V2 is a simple root of the equation (3.17),
Le.' the greater than sign in (3.19) is valid, we can determine

the direction of polarization of ~ from equation (3.10). Then
the direction of polarization of d can be determined from

equation (3.8)2.
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4. Growth Equ~tion.

In this section we shall derive a differential, equatior

governing the change in magnitude 6f the dis c:ontinui ty. In
order to do this it is 'mbre convenient to refer all equat~ons
to a rectangular cartesian reference system and to use
indi cial notation. With this notation, we obtain, by di ffer

entiating equations (3.3) with respect to t,

(4.1)

where

(4.2)

+ 2e: ' DR, Qkn ;

Snk n = oRkn/aBn = 2\1'B <5 + 411"B B B + 2\1'B 0~ ~ n kR, ~ n k R, ',~ k R,n

+ 2\1' BR, 0kn '

and e" k denotes the alternating symbol.
1J
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We now change the independent variab1esfrom x. ,t to x. ,a.1 1

In indicial notation, the relation (2.10) may be expressed as

n. dJ_
V at

(4.3)

whence

(4.4)

Introducing (4.3) and (4.4) into (4.1), we obtain

d2 DQ, a2 Bo

eijkPkinj ~ - V at 21 =

I

I

and

a2 B a2 D.
R ---!. + V --2-- = V {R (d)e 1· J

ok knnJ. eo ok k n -a--~ at2. at2 lJ ~ x.J a

Eliminating V d 2Di /at 2 from (4.5), we obtain

(4.5)

(4.6)
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a aB
-Ye P R n (_) (_5).

~mn k~ ns j ax a. at'
m

where

ao = eo °ken PknR n.n1S 1J ~mn ~ ns J m (4.7)

, "

Using square brackets to denote the jump in a quantity across
the surface of discontinuity, we have

(4.8)

where (aDn/at)o denotes the value of aDn/at immediately in

front of the wave. A1so"we note that Pk~' Qnk~' Rk~ and
Snk~ are continuous across the surface of discontinui ty.

Using these results, we obtain from (4.6), with the

notation bi = [aBi/at], di = [aDi/at],

a
2

B { 2. .. (ad~)
-(a o +y 2 0. )[ 5] =.e10Jok Y Pkn ~xo

. 1S 1S. at 2 ~ 0
J a.

aD
+ (_i) d

nat 0
• !
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aBs- Ve P S n.{(---)tmn kt pns J axm a

aB aB
+ (--E.) b

s
+ ( s) b)}}

at 0 at 0 p

We now introduce the notation

where r
s

is a unit vector in the direction of b s ' With

(4.10) and (4.2), equation (3.8)2 becomes

(4.9)

(4.10)

Using this result to substitute for Vdt in (4.9), we

obtain,

L. + M.O" + N.0"2
111

(4.12)

I

I
I

where

{ aO"
L. = -Yeo 'ken PknR r n (-.... -)

1 1J Nmn N ns s m aX j a

an
+ etstnj(atn)o} (4.13)
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ar
- Ye. . ke n Pk n n . {R -(~)

1J Nmn N J ns aX_ m a.

---.----------...,.,...------.

1

\

aB
+5 [-(- s) r

pns ax- prna.

n aB
m (s }-V r at) Jp - 0

N. = -y~le. 'ke ten bQ knRt Rb n.n n r r
1 1) ns Na n N p' C J asp c

+e 1· 'kenm PknS n.n r rJ N n N pns J m s p

In our present notation (3.8)1 may be wri tten

Vb. =
1

(4.14)

With (4.11), we obtain

( a . +y 2 <S. ) b = 0
lS lS S

, (4.15 )

where a. is given by (4.7). We define a unit vector 9.. by
lS 1

9..(a. +y2 <s. ) = 0 (4.16)
1 lS lS

Multiplying (4.12) throughout by 9. i and using (4.16), we
obtain

L + Ma + Na 2 = 0

where L, M and N are defined by

(L ,M,N) = 9.. (L. ,M. ,N. )
111 1

(4.17)

(4.18)
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Introducing (4.7) and (4.10) into (4.15) and differ

entiating with respect to np ' we obtain

. {e .. ke n Pkn R (0 .n +0 n .) + 2V ~ nV

p
0 l' s} r s1J Nmn N ns PJ m pm J a

ar
+(e ..ken PknR n.n +V2 0. )~ = 01J Nmn N ns J m 1S anp

Multiplying throughout by R- i and bearing in mind (4.16) and
(4.7), we obtain

(4.19)

e· 'ken PknR (0 .n +5 n.)R-.r1J Nmn N ns PJ m pm J 1 S
av= -2V -",- R- . r.an 1 1

P
(4.20)

Since ais ' defined by (4.7), is homogeneous of second
degree in n· and V is determined by the discriminant of

1 .

equation (4.15), it follows that V is homogeneous of first
degree in n.. Therefore,

1

(4.21)

Now, suppose a point x depends on t in such a manner that it
. P .

always lies on the moving surface of discontinuity. Then
its velocity is dXp/dt. The velocity of the surface normal
to itself is V, which is therefore given by

v = n dx fdt
p P

From (4.21) and (4.22), we obtain

(4.22)

(4.23)
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A possible choice for the dependence of x on t which satisfies. p I

the condi tion that xp shall always be on the surface of dis-

continuity is that for which

dx Idt = aVianp p

We shall make this choice* and calculate the growth in the

magnitude of the singularity as we move alring,the locus of

xp '

From (4.13)1' (4.18), (4.20) and (4.24), we obtain

:(4.24)

2 av ao '
-L = 2V -3-( -a-) ~. r.

n p x p a J. J.

do= 2v
2 at ~i r i (4.25)

We introduce (4.25) into equation (4.17) and make the

transformation

o = llu

We obtain

dudt = Mu + N

. where

(4.26)

(4.27)

) (4.28)

This equation has the general solution

(4.29)

*In this case the locus of x is,· 1n fact,· a bicharacteristic. p
of the secular equation !a· s +V 2 o. I = o.

. J. J.s .
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where C is a constant of integration.
We see that if the fields ~ and p are known before passage

of the surface of discontinuity, the velocity of such a surface,
propagating in a given direction, can be determined from (3.18).
Pki and Rki defined by (4.2) can be determined and hence ais can
be determined. r. can then be calculated from (4.15) and (4.10),

l-

and ii from (4.16). Then, M and N can be determined from (4.28),
(4. 18) and (4. 13) .
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5. Special case: magnetic iIl.duction field ahead of wave in

direction of propagation.

We now assume that the fields ahead of the moving surface

of discontinui ty are uniform.' This implies that the. speeds· of

propagation Y given by (3.18) ,are constant. It then follows,

from (4.15), that b has a constant orientation (i. e. r is a- . . . . . -
constant) and, from (4 :16 J, that the uni tvector ~. is cpns tant.

. - .

We see, from (4.13), that in this case Mi = 0 and N i is con-

stant. Then, from (4.18), M= o and N is constant. We then ob

tain from (4.27) or (4.29)

u = 1 = Nt + 1
a 0

0
(5.1)

where o~ is the value of a when t = O. The jump magnitude

a increases or decreases acc?rdingly as N is negative or

positive.

In the particular case when the direction of propagation

is in the I-direction and the applied magnetic induction field

in to whi ch the wave propagates is als 0 in the. 1- di rection, we

have

and (5.2)

Introducing (5.1) into (3.18), we have since ~t = 0,

y 2 = j.lE or (5.3)

Corresponding to the first of these results, we obtain

r = (D2+D 2)-1/2 (ODD)
- 2 3.. '2'·3

(5.4)
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and corresponding to the second, we have

(5.5)

The directions of polarization of the ~ vectors associated
with the two waves are perpendicular to each other.

Again, for the wave corresponding to the first of the

solutions (5.3), we find that N = 0, so that the discontinuity
propagates unchanged.

We now consider the wave corresponding to the second of

the solutions (5.3). Introducing (5.2) into (4.2)2' we obtain

From (4.2)1' (4.7), (5.2) and (5.6) we see that ais 1S sym
metric for interchange of i and s. Hence, with (5.5),

R,. = r. = (D2
2+D2

3
) - 1/2 ( -D3 O. +Do. )

1 1 . 12 2 13

From (4.18) and (4.13)3' we obtain, using (5.2),

-1
N = -V e· ke . en bQ koR Rb· r r ~.

11. nl t IV 1 n IV tp C P c 1

+ e· ke Pk S r r R,.
11 ~ln R, pns s p 1

(5.6)

(5. 7)

(5.8)

Introducing the expressions (5.7)

and using (5.6), (4.2) and (5.2),
(4.28)2

for r. and~. into (5.8)
1 1

we obtain, with (5.3)2 and

N = - 112(3e:'+2e:"D2)D
(j.le:+2j.le:'D2) 5/2

(5.9)
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where D = (D~ +D~) 1/ l is the' magni tude· of the' componen~ of the

electric displacement field riormal to the, direction of propa~

gation. (In carrying out the calculation, we find that 'the
I ' ,

second term on the right hand side of (5.8) i~ zero.) In the

case when D =0, the two waves with velocities given by" (5.3)

have the same speeds ana can be pr6pagatedwi th arbitrary

, .. direction of polarization in the 23-plane.

, "
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6. Special case: electric displacement field ahead of wave

in direction of propagation.

We again assume that the fields ahead of the moving surface

of discontinuity are uniform, so that (5.1) still applies. We

again take the I-direction as the direction of propagation, but
now assume that the electric displacement field is in the 1

direction, so that

n· = O. and
1 11

D. = Do. •
1 11

(6.1)

It follows from (3.12) and (6.1) that

J = 0-
Introducing this result into (3.18) we obtain

(6.2)

V2 -- lJE or (6.3)

Corresponding to the first of these results, we have

and corresponding to the second of these results, we have'

r = (B 2+B 2)-1/2(O B B)
2 3 , 2' 3

(6.4)

(6.5)

From (6.4) and (6.5) it follows that the directions of
polarization of the electric vectors for the two waves are
perpendicular.

For the wave corresponding to the first of the solutions
(6.3), ~ = 0, so that, from (5.1), the discontinuity propagates
unchanged.
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.
We now consider the wave c6rresponding to! the ~eco~~ of

the solutions (6.3). As in § 5, we again ob taintheexpress ion

(5.B) for N. Introducing (6.1) into (4.2)1'w~ obtain
i

(6.6)

Proceeding in a manner analogous to that used. in the previous

section, we find that

N = B(311'+211"B 2 )

llE + 2lJ 'EB 2 .
(6. 7)

where B= (B~+B~) 1/2 is the magnitude of the component of the

magnetic induction field normal to the direction of propaga

tion. (In carrying out the calculation, we find that the first

tenn on the right hand side of (5. B) is zero.)'
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